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Abstract. This paper carries forward a series of articles describing our enterprise to con- 
struct a gauge equivalent for the (9-deformed non-commutative model originally introdu- 
ced by Gurau et al. [Comm. Math. Phys. 287 (2009), 275-290]. It is shown that breaking 
terms of the form used by Vilar et al. [J. Phys. A: Math. Theor. 43 (2010), 135401, 13 pages] 
and ourselves [Eur. Phys. J. C: Part. Fields 62 (2009), 433-443] to localize the BRST co- 
variant operator (D 2 9 2 D 2 ) lead to difficulties concerning renormalization. The reason 
is that this dimensionless operator is invariant with respect to any symmetry of the model, 
and can be inserted to arbitrary power. In the present article we discuss explicit one-loop 
calculations, and analyze the mechanism the mentioned problems originate from. 
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1 Introduction 

Tackling the infamous UV/IR mixing problem [H [5] plaguing Moyal-deformed QFTs has been 
one of the main research interests in the field for almost a decade (see El [8] for reviews of 
the topic) . It is accepted on a broad basis that non-commutativity necessitates additional terms 
in the action to reobtain renormalizability. Several interesting approaches have been worked 
out [9l [10|, and proofs of renormalizability have been achieved mainly by utilizing Multiscale 
Analysis (MSA) [111 I12j . or formally in the matrix base [13j . 



In the line of these developments Gurau et al. pQ introduced a term of type <fi * ^cj) into the 
Lagrangian which, in a natural way, provides a counter term for the inevitable 4f divergence 
inherently tied to the deformation of the product. In this way the theory is altered in the infrared 
region which breaks the UV/IR mixing and renders the theory renormalizable. This latter fact 
has been proven up to all orders by the authors using MSA. Motivated by the inherent translation 
invariance and simplicity of this model (referred to as ^ model), a thorough study of the 



divergence structure and explicit renormalization at one-loop level [14j . as well as a computation 
of the beta functions [15] have been carried out. 

In the present article we work on Euclidean Rg with the Moyal-deformed product (also referred 



to as 'star product') [x 



of regular commuting coordinates x^. 



*This paper is a contribution to the Special Issue "Noncommutative Spaces and Fields" 
available at |http://www.emis.de/journals/SIGMA/noncommutative.html| 



The full collection is 
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In the simplest case, the real parameters 6 



9 V a form the block-diagonal tensor 



'{IV) 



( 1 \ 

-10 

1 

V o o-io/ 



with 9 <E 



obeying the practical relation 9n P 



J 2 5 pu , where dim# 



use the abbreviations = 



^pvV u for vectors v and M 



9p U Mfiu 



Further research focused on the generalization of the scalar -y 
which was first proposed in [16] yielding the action 



-2. With these definitions we 

for matrices M. 

model to gauge theor>Q 



S = S inv [A] + S gi [A,b,c,c] 



d 4 x 



Ffxv * Fuv ~\~ F t 



1 



{11/ 



{lis 



D 2 D 2 



*F, 



+ d 4 x 



b*d-A 



b*b 



1.1 



with the usual gauge boson Aa, ghost and antighost fields c and c respectively, the Lagrange 
multiplier field b implementing the gauge fixing, and a real £7*(1) gauge parameter a. The 
antisymmetric field strength tensor F^ u and the covariant derivative are defined by 



in/ 



d^A v - d v A^ - ig [Ap t A v ] , and D^ip = - ig [A^ * if] , 



for arbitrary (p. The non-local term 



'S'nloc 



/ 



d 4 cc Ffu, -k 



1 



D 2 D 2 



*F, 



(1.2) 



implements the damping mechanism of the 4y model by Gurau et al. [T] in a gauge covariant 



way. It has been described in jT3] that the new operator can only be interpreted in a physically 
sensible way if it is cast into an infinite series which, however, corresponds to an infinite number 
of gauge vertices. A first attempt to localize the new operator by introducing a real valued 
auxiliary tensor field [3] led to additional degrees of freedom. However, this was considered to 
be dissatisfactory. Following the ideas of Vilar et al. [2] we enhanced our approach by coupling 
gauge and auxiliary sectors via complex conjugated pairs of fields together with associated pairs 
of ghosts in such a way, that BRST doublet structures were formed [17] . Such a mechanism has 
already been applied successfully for the Gribov-Zwanziger action of QCD [181 (13 120] where 
a similar damping mechanism is applied. 

Starting from a recapitulation of our recently presented localized model in Section [2] we give 
explicit one-loop calculations in Section [3l and undertake the attempt of one-loop renorma- 
lization. Subsequently, the results and their implications for higher loop orders are analyzed in 
Section U and finally we give a concluding discussion of the lessons learned in Section [5j 



2 The localized U(l) gauge model 
2.1 Review: the construction of the model 

As mentioned in Section [H the non-local term of the action (jl.ip leads to an infinite number 
of vertices: it formally consists of the inverse of covariant derivatives acting on field strength 
tensors, and therefore stands for an infinite power series (cf. |16j ) making explicit calculations 
impossible. Considering only the first few orders of this power series is not an option as this 

1 Notice, that the star product modifies the initial £7(1) algebra in a way that it becomes non-Abelian. Hence, 
we call the resulting algebra 17* (1). 
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would destroy gauge invariance. Yet, the present problem can be circumvented by the local- 
ization of the term under consideration. In this sense, in a first approach described in [3], the 
introduction of an additional real antisymmetric field B^ u of mass dimension two led to the 
following localized version of the non-local term (|1.2|) : 



•Snioc -> Si oc = J d 4 x [a'B^ * Fp, - Bfj, v * D 2 D 2 * B^) . (2.1) 

However, the iS^-field appears to have its own dynamical properties leading to new physical 
degrees of freedom which can only be avoided if the new terms in the action are written as an 
exact BRST variation. In order for such a mechanism to work, further unphysical fields are 
required. 

Following the ideas of Vilar et al. [2], the localized action (|2.ip was further developed in [17] 
by replacing B^ v with a complex conjugated pair of fields (B^y, B^ u ) and by the introduction 
of an additional pair of ghost and antighost fields ip^ v and tp^ (all of mass dimension 1), thus 
leading to 

A 
2 



Sioc = / d x 



[B^ + B„ v ) - t i 2 B ta/ D 2 D 2 B fU/ + ^^D 2 ^ 



(2.2) 



In this expression, as well as throughout the remainder of this section, all field products are con- 
sidered to be star products. The new parameters A and \i both have mass dimension 1 and replace 
the former dimensionless parameter a! by a! = X/fJ,. The proof of the equivalence between the 
non-local action (II. 2p and equation (|2.2[) can be found in [17] . With the addition of a fixing 
term to the action one has BRST invariance, and for simplicity, we choose the Landau gauge 



= J d A x (bd»A^ - cd^D^c) . 

The BRST transformation laws for the fields read: 

sAfj, = D^c, sc = igee, 

sc. = b, sb = 0, 

sxj}^ = B^y + ig {c, V^} , sB^y = ig [c, B^ 

SB^y = ijj^y + ig [C, B^y) , Sljj^y = 10 {C, ^ } , 

= V (/9 € {Ap, b, C, C, B^y, B^yjlp^y, } . (2.3) 



With ()2.3p one can see that the localized part of the action can be written as the sum of a BRST 
exact and a so-called soft breaking term: 

where 

S b rcak = Jd 4 x^B^F^, with sS hrcak = Jd 4 X^yF^. (2.4) 

As discussed in detail in [T7], the breaking is considered to be soft, since the mass dimension of 
the field dependent part is < D = 4 and the term only modifies the infrared regime of the model. 
As has been shown by Zwanziger [19] terms of this type therefore do not spoil renormalizability. 
In order to restore BRST invariance in the UV region (as is a prerequisite for the application of 
algebraic renormalization) an additional set of sources 

sQ[iyct/3 — Jfj.i/a/3 ~\~ 15 {c, Qiiyap} ; sJ^y a p — \g [c, J^ya/3~\ j 

sQ/_iya/3 — Jfii>aj3 i<? {c, Q^iya/s} i sJ[Lva[3 — ^9 [^j Jfiyafi] j 
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is introduced, and coupled to the breaking term which then takes the (BRST exact) form 

<S brC ak = / d 4 * S (Q^B^F^) = I d 4 x {j^B^F* - Q^r V F^) . 
Equation (|2.4|) is reobtained if the sources Q and J take their 'physical values' 

Qnva(3\ phys = 0, Jfiua/3\ phys = ^ — 5^p5 va ) , 

Qvwafi\ phyB = 0, JpuaP | phys = J (<WA/3 ~ S H/3$va) ■ (2.5) 

Note that the Hermitian conjugate of the counter term Sbreak i n equation ()2.2[) (i.e. the term 
J d^xB^F^) may also be coupled to external sources which, however, is not required for BRST 
invariance but restores Hermiticity of the action: 

£ (d 4 xB^F^ — ► [d 4 xs(J ftva ^F a ^) = ftfxJ^B^F *. 



Including external sources SI*, (p £ {A,c,B,B,ip,?p,J,J,Q,Q} for the non-linear BRST 
transformations the complete action with Landau gauge d^A^ = and general Q/Q and J /J 
reads: 

S = <Si nv + S^rr + S ncw + Sbreak + Sext; with. 

SV = y d^sfc^) = y d 4 x (bd^Af, - cd^D^c) , 

Sncw = y d 4 Xs(J Atl/Q/ g^ Atl/ F Q , /3 - ^^^D 2 D 2 B^) 

= y d^J^B^F^ - fJ 2 B flu D 2 D 2 B^ + ^t/vD^W), 

•Sbreak = y d 4 X S^Q^afiB^Fup) = J d A x{3 ^y^B ^F^ — Q^va^^vFa^), 

SWt = yd 4 x (O^c + ig Sl c cc + + ig [c, B^\ ) + ig Sl^ u [c, B^] 

+ ' l 9 ttfv { c > ^iiv) + Sl%, {Bftv + i5 {c, ) + fij*,^ ( J^ Q/3 + 13 {c, Q^vap } ) 

+ iff^ia^ I c ' + nJL^C-VajU + 15 {c, Q^a/?} ) + 15 O)La0 [ c > 'W]) ■ ( 2 - 6 ) 



Table [T] summarizes properties of the fields and sources contained in the model (|2.6p . 

Notice that the mass fi is a physical parameter despite the fact that the variation of the 
action 

|S = s (ip^ u D 2 D 2 Bt" u ) yields an exact BRST form. Following the argumentation in [21] 
this is a consequence of the introduction of a soft breaking term. For vanishing Gribov-like 
parameter A the contributions to the path integral of the [i dependent sectors of S new in fl2.6j) 
cancel each other. If A 7^ one has to consider the additional breaking term which couples the 
gauge field to the auxiliary field B^ u and the associated ghost tp^. This mixing is reflected 

k 2 

P77c]) - ([277fj) below. 



by the appearance of a' = A//i in the damping factor ( k 2 + 2^ j featured by all field propagators 
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Table 1. Properties of fields and sources. 



Field 




c 


c 


Bpy 


Bp V 






Ja/3pu 


Ja/3pu 


Qaftpv 


Qaf3[iv 


flu 





1 


-1 


o 


o 


1 


-1 


o 


o 


-1 


-1 


Mass dim. 


1 





2 


1 


1 


1 


1 


1 


1 


1 


1 


Statistics 


b 


f 


f 


b 


b 


f 


f 


b 


b 


f 


f 


Source 


n A 
s v 


n c 


b 




iL pU 






* L ajipv 


* L a$p,v 






m 


-i 


-2 





-1 


-1 


-2 





-1 


-1 








Mass dim. 


3 


4 


2 


3 


3 


3 


3 


3 


3 


3 


3 


Statistics 


f 


b 


b 


f 


f 


b 


b 


f 


f 


b 


b 



2.2 Feynman rules 
2.2.1 Propagators 

From the action (|2.6p with J J J and Q/Q set to their physical values given by (|2.5p one finds 
the propagators 



{^pp^ua &pa$vp) 
2 / U 2 W ' 

1 / c k p k v 



& 2 + s 



A A _ A A _ ' 2 "7* P 



2^ £.2^2 f fc 2 + eg 



Gp^pcr(k) 



Gf L ^ pu {k) 



2fi 2 k 2 k 2 



J p 1 p KJ va u p,a u up 



2k 2 k 2 {k 2 + s£ 



(2.7a) 
(2.7b) 

(2.7c) 
(2.7d) 

(2.7e) 



2fi 2 k 2 k 2 



kpkp& VG -\- kpkfj5 kpk n byp k v kpbp n 



pp ^p^(T u Up 



2k 2 k 2 k 2 + i 



k- 



GfZAk), (2.7f) 



where the abbreviation a' = X/fi is used. Notice, that they obey the following symmetries and 
relations: 



tf£r(k) = G A p%{k) = -G^JJz) = -G™(k), (2.8a) 

G^pAk) = -Gtp, pa = -G^ ap (k) = Gtp^ik), for cp e BB, BB, BB}, (2.8b) 

2k 2 k 2 G AB pu (k) = i- (kpGf u A (k) - k u G AA {k)) , (2.8c) 
A* 

- 2 (VV - W) = V ^G B P a\{k) - KG^(k)) - 2k 2 j?G*Z pa (k), (2.8d) 



= i- (kpG^(k) - KG^(k)) - 2k 2 k 2 G B u B prr (k), 
Gp^p a (k) = G u ^ pa (k) + G BB pa {k). 



(2.8e) 
(2.8f) 
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2.2.2 Vertices 

The action (|2.6p leads to 13 tree level vertices whose rather lengthy expressions are listed in 
Appendix El One immediately finds the following vertex relation: 



V. 



ipip(nxA) 



iu/,(xr£\...& 



^}BB(nxA) i , , 



i.e. all vertices with one B, one B and an arbitrary number of A legs have exactly the same form 
as the ones with one tjj, one i[) and an arbitrary number of A legs. This is due to the fact that 
the i^tpnA and BBnA vertices stem from terms in the action which are of the same structure, 
and are thus equal in their form. 

Finally, the vertices obey the following additional relations: 



V. 



(ft, 92,%, ■■-,%,) 



i7#("X/l) , , 



-V 



tpip(nxA) 



til, 92, %,...,%J 



xjnjj{nxA) 



(qi, q2, %J, 



and 



A -k (ft >«2 , % n ) = fe, 91, fef „ ) 

^~ r BB(nxA) , , j \ T'jBBlnxA) , , 7 \ r -i n o ^ 

= -KuAtJtn (ft -92, %,•••,%„) = " V,^,a-?n (ft '92, %J, f or n € 1, 2, 3, 4. 



RB(nxA) 



2.3 Symmetries 

Before moving on to explicit one- loop calculations, let us briefly discuss the symmetries of our 
action equation (|2,6p . The Slavnov-Taylor identity is given by 



B(S) 



d 4 x 



_SS__5S_ 5S_SS_ SS_ SS SS SS SS 

m^JA, + W c J^ + ~sl + sag,, sb^ + sag,, sb, 



ii 

SS SS 



SS SS 

+ + 



SS 



SS 



+ 



SS SS 



+ 



SS SS SS SS 

+ 



sn J ...„5J„ 



Furthermore we have the gauge fixing condition 



(2.9) 



SS 

Tb = d " A 



A 4 A* 



0. 



the ghost equation 



G(S) = a 



SS SS 



^sn A 

H 1 



+ 



5c 



0. 



and the antighost equation 
SS 



0(S) 



d 4 x 



5c 



0. 



Following the notation of [2] the identity associated to the BRST doublet structure is given by 



SS 

We 



SS 



[IV 



SB, 



n 



B 



ad 



SS 
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SS 



pupa 



SQafJpa ^ P ^^fivpa 

Note that the first two terms of the second line, 



SS - SS 



SS 



SQ 



pupa 



afipa , 



d 4 x J, 



SS 



' pvpcr 



SQ afipa 



Q SS 

aPpa ^Upa 



0. 



constitute a symmetry by themselves. These terms stem from the insertion of conjugated field 
partners J and Q for J and Q, respectively, which are not necessarily required as discussed 
above in Section 12.11 

Furthermore, we have the linearly broken symmetries Li^ and U^: 



-e 



(0) 

afipu 



with 



d 4 x 



B. 



at) 



SS 
SB~ 



D 



5S 



fJ,V 



""SB, 



J, 



5S 



afipa 



d 4 x 



SJ t 

lpa/3 



5S 



oiL af3 



5S 



pupa 



Qafipa 



pupa 

6S 

Slppu 

SS 



SJ afipa 

SS 



n 



j 



SS j SS 



p u 



Sl/j a f3 



M snt a 



pv 



SQ 



Q 



SS 



pupa 



pupa 



SQ afipa 



pupa 



SS „o 
h fr 



pupa 



SS 



sn: 



e (o) 

^afjpu 



d 4 X 



E 



^afJ^pu + J, 



Q 



' pupa^^ a p pa 



afipa 
JafJpa^p^upa 



pupa 



The above relations would, if applicable, form the starting point for the algebraic renormalization 
procedure. In order to assure the completeness of the set of symmetries it has to be assured 
that the algebra generated by them closes. From the Slavnov-Taylor identity (|2.9j) one derives 
the linearized Slavnov operator 



B s 



+ 



+ 



d 4 x 



SS 



SS S SS S SS S SS S SS SS s 

+ ^r—-r^ + —— + —— + b— + 



SS 



sn$ sa^ 



SA^SQfi ScSn c 



+ 



SS 



+ 



SS 



sn c Sc 
SS s 

+ 



Sc so. B v sb^ 



+ 



SS 



+ 



SS s 



sn%SB^ v SB^sn* sniJ^ s^snt snt 6 ^ 5 ^snt 



u pu 

SS 



+ 



u pu 

SS 



+ 



SS 



+ 



^pu 

SS 



Lpu 



6Q auaf3 SQ ^ 5Q ^^ Q auafS m puaf3 6J ^f3 MpuafsS^ 



puafj 

SS 



L puaf3 ""puafi ~ ' puap ~~puap " M [Al/Ct/3 

S SS S SS S SS s 



+ 



+ 



+ 



S^puafB ^'W ^luaf3 



Furthermore, the and symmetries are combined to define the operator Q as 

e = s ap s Pv {u { X v +u { X v ). 



Notice that the action is invariant under Q, i.e. Q(S) = because of (S) 



-U 



(o) 

afipu 



(S). 
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Having defined the operators Bs, G, Q and we may derive the following set of graded 
commutators: 



{G,G}=0, {B s ,B s } = 0, {G,B S } = 0, 

[G,Q)=0, [Q,Q]=0, {£,<U=0, 

{BaMSap} = 0, {U { XpM% a , p ,} = 0, [uU ap , Q] = 0, 
[Bs, Q] = 0, 

which shows that the algebra of symmetries closes. 

Having derived the symmetry content of the model, we would now be ready to apply the 
method of Algebraic Renormalization (AR). The latter requires locality which, however, is not 
given in the present case and generally for all non-commutative QFTs, due to the inherent non- 
locality of the star product. Hence, before the application of AR it would be required to establish 
the foundations of this method also for non- commutative theories. For a detailed discussion we 
would like to refer to our recent article 1221. 



3 One-loop calculations 

In this section we shall present the calculations relevant for the one-loop correction to the gauge 
boson propagator. Due to the existence of the mixed propagators G AB , G AB , and their mirrored 
counterparts, the two point function {A^A V ) receives contributions not only from graphs with 
external gauge boson legs, but also from those featuring external B and/or B fields. 

In the following (i.e. in Sections 13. 1H3.4H . we will present a detailed analysis of all truncated 
two-point functions relevant for the calculation of the full one-loop j4j4-propagator. Every type 
of correction, being characterized by its amputated external legs (i.e. A, B or B), is discussed 
in a separate subsection. Finally, in Section [33] the dressed AA-propagator and the attempt for 
its one-loop renormalization will be given explicitly. 



3.1 Vacuum polarization 

The model (|2.6p gives rise to 23 graphs contributing to the two-point function G^(p). Omitting 
convergent expressions, there are 11 graphs left depicted in Fig. [TJ Being interested in the 
divergent contributions one can apply the expansion [3] 



n 



d 4 k sin 2 ( f 



+ 



d k Tn„(p, k) sin ^ 2 



2/^(0, k) + p p [dp p l^{p, k)] 



(3.1) 



where the integrand I fJiU (p,k) has been separated from the phase factor in order to keep the 
regularizing effects in the non-planar parts due to rapid oscillations for large k. Summing up 
the contributions of the graphs in Fig. [T] and denoting the result at order i for the planar (p) 
part by H^l' p , one is left with 



n$ ,p (p) 
n$' p (p) 



o 2 

A 2 5f, u (-10s c - 96s h - 96sj + 12s a + s h + 96s d + 96s f ) = 0, 



16?r 2 
1 9 2 



d^p 2 (22s a + s b + 48(s d + s f )) 



3 16vr 2 L 

+ 2ppp v (72(s h + sj) - 8s a + s b - 96(s d + s f )) 



Kr 



M 2 
W 
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Table 2. Symmetry factors for the one loop vacuum polarization (where the factor (—1) for fermionic 
loops has been included). 



S a 


1 

2 


Se 


1 


Si 


1 


Sb 


-1 


Sf 


-1 


s i 


-1 


S c 


1 
2 


s g 


-1 


Sk 


-1 


Sd 


1 




1 







12tt 2 

5g 2 
24vr 2 



(p 2 <V - Py.Pv) Kq 2 



M 2 
A 2 " 



(f 2 <V - p^Piy) In 



{w) + finite ' 



where the symmetry factors in Table [2] have been inserted and the approximation 
K (x) « In | -7i? + 0(^ 2 ), 

for the modified Bessel function Ko can be utilized for small arguments, i.e. vanishing regulator 
cutoffs! A — > co and M — > 0. Finally, 7^ denotes the Euler-Mascheroni constant. Note that 
the first order vanishes identically due to an odd power of k in the integrand which leads to 
a cancellation under the symmetric integration over the momenta. 

Of particular interest is the non-planar part (np) which for small p results to: 



4n 2 p 2 - 



.PjJh, 



5^ (96(s h + Sj - Sd - S{) - 12s a - s b + 10s c ) 



P 2 



(48(s h + sj) - 96(s d + s f ) - 12s a - s b + 2s c 



4 2 J' np (p) 



48vrV 



7T 2 (p 2 ) 2 ' 

^29 2 PflPu p 2 (72(s h + Sj ) - 8s a + s b - 96(s d + s f )) K (v ' M 2 p 2 



(3.2a) 



, P 2 2 



M 2 



(22s a + s b + 48(s d + s f )) M 2 5„ v K V^V 



2 The cutoffs are introduced via a factor exp [—M 2 a — to regularize parameter integrals J °° da. See [3] 

for a more extensive description of the mathematical details underlying these computations. 
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(b) 



(c) 



(d) 




(e) (f) (g) (h) 

Figure 2. One loop corrections for {A /M B„ lV2 ) (with amputated external legs). 
Table 3. Symmetry factors for the graphs depicted in Fig. [2j 



(a) 


1/2 


(e) 


1 


(b) 


1 


(f) 


1 


(c) 


1 


(9) 


1 


(d) 


1 


(h) 


1 



+ 2M 2 (13s a + s h + 120(s d + s f )) p^p u Ki ( y/M 2 ? 
- 3\ I (16s a + s h + 96(s d + s f )) 




48vr 2 



- 10 K (VmV) (p 2 <V " W 
Considering the limit p 2 rectifies application of the approximation 



(3.2b) 



which reveals that the second order is IR finite (which is immediately clear from the fact that 
the terms of lowest order in p are O {p 2 )), apart from a ln(M 2 )-term which cancels in the sum 
of planar and non-planar contributions. Hence, collecting all divergent terms one is left with (in 
the limit M — > and A — » oo), 



n^(p) = J 2 P rpy ~ (p 2 ^" ~ VtiPv) In (A 2 ) + finite terms, 



(3.3) 



which is independent of the IR-cutoff M. As expected^, equation (|3.3p exhibits a quadratic IR 
divergence in p 2 and a logarithmic divergence in the cutoff A. Furthermore, the transversality 
condition p f JI l j iU (p) = is fulfilled, which serves as a consistency check for the symmetry factors. 

3.2 Corrections to the AB propagator 

The action (12. 61) gives rise to eight divergent graphs with one external and one B^ u which 
are depicted in Fig. [2j Applying an expansion of type (|3.ip for small external momenta p and 



3 In fact, equation (|3.3|) qualitatively resembles the result of the "naive" non-commutative gauge model dis- 
cussed e.g. in [231 1241 1251 126] . The different numerical factor in front of the logarithmic UV divergence is 
a consequence of the contribution of additional fields in the current model. 
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(a) 



(b) 



(c) 



(d) 




(e) 



(f) 



(g) 



(h) 



(i) 



Figure 3. One loop corrections for {B^^B^^) (with amputated external legs) 
Table 4. Symmetry factors for the graphs depicted in Fig. G3 



(a) 


1/2 


(d) 


1 


(g) i 


(6) 


1 


(e) 


1 


(h) i 


(c) 


1 


(/) 


1 


(0 i 



summing up the divergent contributions of all graphs (all orders of an expansion similar to 
equation (13, ip ) one ends up with, 



s Si^Si/a(p) = A (^i<W - P^2<Wi) K o ( 2 \J-JT J + finite ' 



^np,AB / x 

- 327r 2' 

Approximating the Bessel functions as in Section 13.11 and summing up planar and non-planar 
parts one finds the expression 



3ig 2 



AK VW (PviSuiirt -PiaSuiui) + finite. 



^AB 

-'pl,v\v2 



(p) 



32vr< 



A (p^i^i^ -Pi/2<Wi) (In A + In |p|) + finite, 



where the IR cutoff M has cancelled, and which shows a logarithmic divergence for A — > oo. 

Due to the symmetry between i? and 5 in the sense that both have identical interactions 
with the gauge field, it is obvious that S^ 1 B I/li/2 = S^ ] B J/1;/2 and as implied by equation (|2.8aj) it 
also holds that = -E^ 2 . 

3.3 Corrections to the propagator 

The set of divergent graphs contributing to (B^i^B^i^) consists of those depicted in Fig. 
Making an expansion of type (|3.ip for small external momenta p and summing up the contribu- 
tions of all nine graphs yields 



££$2,1/11/2 (?0 = |^2 (<W<W2 - SuQvxdpWl) KO ^ 2 VirJ+ finite ' 

2 A 2 / S^P^Pvl ~ S^lvlPfjaPM ~ 8 il 2v2P l llPvl + 5fj,2ulPiilPv2 



2 \2 



M 2 



^np.BB 
J //l^,i/li/2 



(P) 



64vr 2 



p2 
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(a) 



(b) 



(c) 



(d) 




(e) 



(f) 



(g) 



(h) 




(i) (J) 

Figure 4. One loop corrections for (i? AllM2 B t/1I/2 ) (with amputated external legs) 



Table 5. Symmetry factors for the graphs depicted in Fig. 01 



(a) 


1/2 


(e) 


1 


(0 i 


(6) 


1 


(/) 


1 


(i) 1/2 


(c) 


1 


GO 


1 




(d) 


1 


(h) 


1 





+ 2K (\/W) (<W2<Wi - ^li/l^rf) J + finite, 

for the planar/non-planar part, respectively. Approximating the Bessel functions as in Sec- 
tion 13.11 reveals cancellations of contributions depending on M in the final sum. Hence, the 
divergent part boils down to 



yBB 



2\2 



11/2 (P) 



64vr 2 



(<Wi<W2 ~ <Wi<W2) (In A 2 + hip 2 ) + finite, 



(3.4) 



leaving a logarithmic divergence for both the planar and the non-planar part. Due to symmetry 
reasons this result is also equal to the according correction to the BB propagator, i.e. 



3.4 Corrections to the BB propagator 

For the correction to (B^i^Bvi^) one finds the ten divergent graphs depicted in Fig. HI Ex- 
pansion for small external momenta p and summation of the integrated results yields 



^BB 



^p,BB 



g 2y2 I 
+ (<5/xlvl^2i/2 — ^2i/1^1i/2) Kq I 2 



M 2 
A 2 " 



+ finite, 



^np.BB 



»1»2(P) 



9 A 2 / S^P^Pvl - & i i\v\P i i2Pv2 - bp,2v2P i i\Pv\ + b l i2v\P i ilPv2 

64-7T 2 y p 2 

+ 2K (\/W) (<W2<Wi - S/AiviS^) ) + finite, 
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Hence, the divergent part is given by 
2vr 2 



BB 9 2 
S //l/*2,i>li>2 (p) = 7T^2^ A* P (Sij3vlSfj,lu2 ~ <Wl<^2i/2) 



g 2 X 2 

(<Wi<W2 - <Wi<W2) (In A 2 + lnp 2 ) + finite, 



which is logarithmically divergent inp 2 and quadratically in A. Once more, M has dropped out in 

^BB _ vBB 



the sum of planar and non-planar contributions. Furthermore, note that Sj^S^ y\y2 = 



as is obvious from the result (KL 



3.5 Dressed gauge boson propagator and analysis 

In the standard renormalization procedure, the dressed propagator at one-loop level is given by 
Q ee A'(p) = 1 + ^S(A,p)l (3.5) 

where 

- ee g aa ( p ), s(A, P ) ee (np lan ) rcgul (A, P ) + n-p^p). 

For ^4^0, one can apply the formula 



„4 + £ A A A + B AAA 
which allows one to rewrite expression f)3.5[) to order E as 
1 



A'(p) 



and thus (in the case of renormalizability) to absorb any divergences in the appropriate param- 
eters of the theory present in A (see [14] for an example). 

However, in our case (|3.6p cannot be applied directly, as the complete one loop correction 
to the gauge boson propagator is given by the sum of all the results of Sections 13.11 13.41 after 
multiplication with appropriate, i.e. different external legs: 

Gt A ' X1 - re » = G AA (p) + G^(p)U pa (p)Gt A (p) + C AA (p)2S A ? 1(j2 (p)G^ A v (p) 

+ G A >)2£ A f lCT2 (p)Gf A 2 » + G^ plp2 {p)^? p2 ,*xMG*t 2,M 

+ G^ B p i p 2{p)22^f p2(7 i (T 2{p)G^i a 2,u{p) + G p ®i p2 (j>)^i p2 ^ la 2(p)Gvla2,v(p) 

+ 0{g i ). (3.7) 

Note, that the factors 2 stem from the (not explicitly written) mirrored contributions AB BA, 
AB BA, and BB Since the factor *4 must be the same for all summands we have to 

use the Ward Identities (|2.8ap and (|2.8cp . i.e. 



Gfl^ a (k) — G p ^ a (k) — Gp afl (k) — G p ^ p (k), 



2k 2 k 2 Gf B pu (k) = i- (k^(k) - k„Gf A (k)) , (3.8) 
A 4 

which allow us to express the (tree level) AB and AB propagators uniquely in terms of AA- 
propagators. This leads (in analogy to ()3.6p ) to the following representation for the dressed 
one- loop gauge boson propagator: 

w = ±-±(£*)±, 
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where 1/A once more stands for the tree level gauge boson propagator. The fij's are given by 
the one-loop corrections (with amputated external legs) of the two-point functions relevant for 
the dressed gauge boson propagator, multiplied by any prefactors coming from (|3.8p and the 
factor 2 where needed (c.f. (|3.7|) ). Thus, the full propagator is given by 

G^y-^ip) = G% A (p) + G^(p)U pa (p)Gt A (p) 



la' 



( i 2G-» ( KmAp) + KXi(p) ) feC(f) 



+ p p K%(p) (eJJ^OO + 2S^ 2)CTlCT2 (p) + S^ 2)(7lff2 (p)J Pa2 Gt£(p) 

The expression B = Yl &i f° r M — > is explicitly given by 

i 



/2f n n « , .-i , a i /5 4 3AV^ 2 A 4 # 4 \ ) r . 

+ (p V ~ J i ln 2 - ln M - ln A J( 3 m + ^2)2 + 7-2)4 ) r + fimte ' 



and shows us two things: In contrast to commutative gauge models and even though the vacuum 
polarization tensor II^j, only had a logarithmic UV divergence, the full B diverges quadratically in 
the UV cutoff A. Secondly, despite the fact that 11^ exhibited the usual quadratic IR divergence, 
B behaves like 7^2w in the IR limit. Both properties arise due to the existence (and the form) of 
the mixed AB and AB propagators, and seem problematic concerning renormalization for two 
reasons: On the one hand, the form of the propagator is modified implying new counter terms 
in the effective action. On the other hand, higher loop insertions of this expression can lead to 
IR divergent integrals, as will be discussed in the next section. 



4 Higher loop calculations 

In the light of higher loop calculations it is important to investigate the IR behaviour of expected 
integrands with insertions of the one- loop corrections being discussed in Section [3j The aim is to 
identify possible poles at p 2 = 0. Hence, we consider a chain of n non-planar insertions denoted 
by H^ 1 ^ 2 ^, n), which may be part of a higher loop graph. Every insertion S represents the sum 
of all divergent one-loop contributions with external fields (f>\ and 4>2 (cf . Sections l3.lH3.4p . Due 
to the numerous possibilities of constructing such graphs, we will examine only a few exemplary 
configurations in this section - especially those for which one expects the worst IR behaviour. 

To start with, let us state that amongst all types of two point functions, the vacuum polariza- 
tion shows the highest, namely a quadratic divergence. Amongst the propagators those with two 
external double-indexed legs, e.g. B or B feature the highest (quartic) divergence in the limit 
of vanishing external momenta. A chain of n vacuum polarizations IL^S,{p) (see equations (|3.2a| 
and (I3.2bp ) with (n + 1) AA-propagators ((n — 1) between the individual vacuum polarization 
graphs, and one at each end) leads to the following expression (for a graphical representation, 
see Fig. [5]): 



S^(p,n) = (G AA (p)IF>(p)) n G^ip) = ?» 



2g \ i p^Pv 



vVy ( P 2 + ^\ n+1 (p 2 ) n+1 ' 
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2 

Figure 5. A chain of n non-planar insertions, concatenated by gauge field propagators. 

Note that due to transversality, from the propagator ()2.7c[) only the term with the Kronecker 
delta enters the calculation. For vanishing momenta, i.e. in the limit p 2 — > the expression 
reduces to 

bm^(p,n) j a/2(n+1) , 

exhibiting IR finiteness which is independent from the number of inserted loops. 
Another representative is the chain 



E A</} (p,n) = G A ^{p) (E np ^ A (p)G^(p)J , where <j>£{B,B}, 
which could replace any single G AB (or G AB ) line. Obviously, one has 

(n „) _ ia V 3 9 2 a nY (PuiS^-p^ui) , - 2 
-wMlP> n ) ~ 2/i V 32tt 2 J - r _ / . „M-+i nlnp ' 



P 2 



P z \P A + p 



which for yr <C 1 (and neglecting dimensionless prefactors) behaves like 

The latter insertion can be regularized since the pole at p = is independent of n. In contrast, 
higher divergences are expected for chain graphs being concatenated by propagators with four 
indices, i.e. G^ B pa , G BB pa , Gft jPa , due to the inherent quartic IR singularities. Let us start with 
the combination r, BB (p,n) = (G BB (p)Yl p ' BB (p)) G BB {jp). As before, we can approximate for 
p 2 1 and, omitting dimensionless prefactors and indices, find 

S^(p,n) oc 



p 2 <i /J 2 (p 2 p 2 ) ni 

which represents a singularity Vn > 1 (since in any graph, at n = 0, the divergence is regularized 
by the phase factor being a sine function which behaves like p for small momenta). Regarding 
the index structures, no cancellations can be expected since the product of an arbitrary num- 
ber of contracted, completely antisymmetric tensors is again an antisymmetric tensor with the 
outermost indices of the chain being free. 

Exactly the same result is obtained for ~ BB (p) = (G BB (p)^ p < BB (p)) n G BB (p). From this it 
is clear that the damping mechanism seen in r, AA (p, n) fails for higher insertions of B/B (and 
also VVVO fields). 



5 Discussion 

We have elaborated on our recently introduced non-commutative gauge model [T7] . Initially, the 
intent was to apply Algebraic Renormalization ( AR) , as was suggested by Vilar et al. [2] . In the 
light of that renormalization scheme it is most important to maximise the symmetry content 
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of the theory which is the basis for the generation of constraints to potential counter terms. 
Therefore, after recapitulating general properties of our model, we studied the resulting algebra 
of symmetries. However, as we exposed recently [22], the foundations of AR are only proved to 
be valid in local QFTs so far, and hence may not be applicable in non-commutative field theories, 
as the deformation inherently implies non-locality. In order to find a way out of this dilemma, 
explicit loop-calculations were presented, and our hope was to show renormalizability - at least 
at the one-loop level. In this respect, unexpected difficulties appeared. The soft breaking 
term, being required to implement the IR damping behaviour of the l/p 2 model in a way being 
compatible with the Quantum Action Principle of AR, gives rise to mixed propagators 

qAB 

and G AB . These, in turn, allow the insertion of one- loop corrections with external 5-fields into 
the dressed AA propagator (see Section H]) and, therefore, enter the renormalization. Despite all 
corrections featuring the expected Jj IR behaviour, the dressed propagators with external AB 
or AB legs multiplicatively receive higher poles due to the inherent quadratic divergences in 
G AB (p) (and G AB (p)) for p —> 0. As a consequence, the resulting corrections cannot be absorbed 
in a straightforward manner. 

However, renormalizability of the non-local model (jl.ip cannot depend on how it is localized 
due to equivalence of the respective path integrals (see [TT] ) . Therefore, we expect the same 
problems to appear in all localized versions of (jl.ip . including the one of Vilar et al. [2]. In fact, 
from the discussion in Appendix |Bl one notices that the propagators (1B.2f[) f p3.2Ii|) and (IB.2sl) 
of their action all exhibit the same quartic IR divergences as those of our present model (|2.6D . 
even though the operator D p appears at most quadratically as D 2 in the according action (IB.ip . 
Nonetheless, the authors claim to have shown renormalizability using Algebraic Renormalization, 
which as we have discussed in |22] may not be applicable in non-commutative theories. 

In this respect it has to be noted that in commutative space the model of Vilar et al. [2] 
should indeed be renormalizable, since the action, apart from the star product, is completely 
local and provides the necessary symmetries for the Quantum Action Principle. Since the 
propagators are the same in both spaces, and hence show the same quartic IR divergences, one 
may expect related IR problems to cancel when considering the sum of bosonic and fermionic 
sectors (i.e. B j\ and ip/Cj. These cancellations should also take place in non-commutative space 
(in both models), but the problem of proving renormalization remains (cf. Section [3.5p . 

Coming back to the problem of IR divergent propagators we have also investigated the struc- 
ture of singularities in higher-loop integrands by studying chain graphs consisting of interleav- 
ing tree-level propagators, and one-loop corrections of various types. It turned out that chains 
containing gauge fields benefit from the damping of the propagator (|2.7cp while those con- 
sisting (solely) of concatenated B and B fields and insertions do (expectedly) not. Hence, at 
first sight, there exist divergences which increase order by order, which would indicate non- 
renormalizability. However, we may point out that, due to the symmetry between the B/B and 
tp/ip sectors, cancellations can be expected. These already appear in our one-loop calculations, 
and there is strong evidence that they appear to all orders. An intuitive argument can be given 
when considering the action (12.21) for A — > 0, i.e. vanishing damping. In this case, the B/B 
and ip/if) fields may simply be integrated out in the path integral formalism (see |17|). and 
the contributions cancel exactly. An alternative approach which avoids these uncertainties is in 
preparation. 

A Vertices 




V p 3A (k u k 2 , k 3 ) = 2ig{2i:)H\k l + k 2 + k 3 ) sin 



x p3 - k 2 ) p 5 aT + (h - k 3 ) a 5 pT + (k 2 - h) T S pa ] , 



) 
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(SprSae - S pe S aT ) sin sin (^) 
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33 



dpr'W - d pe <W) sin I sin I ^ 

+ (S pa S Te - 5 pe 5 aT ) sin sin (Mi) 

+ (<5 p(J <5 Te - V<W sm (^) sin (*^) 
-2i 5 (2vr) 4 ( 5 4 ( (?1 



A '\A/v r =^ c (9i^ 2 ,g 3 ) = - 

V 



. + 



g2 + fc3)gi M sin(^), 





!vr) 4 5 4 (gi + fc 2 + fc 3 ) (<y w 5 w - 5 pa 5 vp ) sin (^) , 
^) i S\q 1 + q 2 + k 3 



-ni 2 g{2>, 



x 



((&) S 




1") ^ (<?1 + <?2 + ^3) (<5 MP 
+ fe) 2 ) (gi-g 2 ) e sin(2m), 



= 2^V # 2 



t4e = -^a^r £ (?l, 92, &3, fc 



»4) 



X 



+ Q2 + k 3 + k 4 ) (8p, p 5 VfT - 5 pa S up ) 

[k3,rk4,e+ 2(q 1)T k 4 



^4,e+ 92,e^3,r)+ 4gi )r g 2 ,e- 



) S in(2#) 




^(^i 2 +g 2 2 )] S m(^)sin(^i) 

+ [fc 3 ,r&4,e+ 2(g2,rfc4,e+ ^l.e^.r) + 4gi, e g 2 , T ~ 5er(gi 2 + <? 2 2 ) ] sin (^) sir 



^5,^ / 

-% 3 / u 2 ^ 2 (2vr) 4 5 4 (gi + q 2 + h + k 4 + k 5 ) {5 pp 5 va - 



[k 3 + 2q 1 ] T 5 eK sn(^) 



sin(^p) si 



+ [k 4 + 2 qi ] e S TKS m(^f-) 



+ [k 5 + 2q 1 ]J Te sm{^) 




sin (Ma) s in(M^±M) + ^ feg 



sin(M^) s i n (M^M) + ^ fc 4 ) 



l2,pa M!3,t 



(gi ^ 92) 



v, 



BBAA 

pL , ,ptT,T€KC 



{qi ,q 2 ,k 3 ,k 4 ,k 5 ,k 6 ) = ai^^ti^' = - V$5£th« (gi , g 2> fc 3 - 6 ) 



fce.S ^ 



2g^ I e z {2irY5\q 1 + q 2 + k 3 + k 4 + k 5 + k 6 ) (8 pp 5 
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x j25 T A 

+ S TL 5 Ke 



sin 



2 

f) sin(^i±2i!) sin(^) sin(M^tM) +(fc3 ^ fc5 ) + (fc 4 o jfe 6 ) 



sin(^) sin( fc3 ^ 6 2 +fl) ) sin(^) sin(M^tM) + (fc 3 ^ fc 6 ) + (fc 5 ^ A*) 



+ {qi <-> 92) 



B Propagators of the model by Vilar et al. 

The tree level action of [2] is given by: 

S = Sq + Sbrcak + Sq + S g {, 



So - 

Sbreak 



d 4 x 



-F^ * F yw + x^u * D 2 B^ + * D V" + 7 2 X^ * 



d 4 x 



S gf = y d 4 x [i& * d^Ap + c * d^ZV] , 

where the complex conjugated pairs (-B^, -B^,), (x/xi/j X/j.v) are bosonic 
dimension 1, and (V7u/> Vv^)> (C^j Cjuv) are their associated ghost fields, 
of this action one derives the following 19 propagators: 



-1 



£ 2 + ^ 



kpk v 



-7 



k 2 + 2(P)2 
Gp t ar(k), 

17 (^V - kr<V) 



-^r(fc), 

7^ {kpk T 5tj e + k a k e 5p T kpk e 5 D 



kfj k T 8 



pel 



p<^re(k) — GpJ^ T€ (k), 



G 

Gp^ Te (k) 



(k 2 ) 2 

SB 
(7,7 

2 {$pT$oe 



4(k 2 ) 2 (k 2 + 



7 4 



1 



SpeSar) 



/~iBB 

p(T,TE VJ 5 



S (*), 



G** (*) = -7 



G^a,re(k) — G^ Te (k) 

G™ re (k) = -G% e (k), 



2{k 2 ) 2 

2 {kpk T 5 cre + k a k e 5p T — kpk e 5 aT k a k T b p e ) 



4(fc 2 ) 2 ( 



^ 2 + i- 



(B.l) 

auxiliary fields of mass 
From the bilinear parts 



(B.2a) 

(B.2b) 

(B.2c) 
(B.2d) 

(B.2e) 
(B.2f) 

(B.2g) 
(B.2h) 

(B.2i) 

(B.2j) 
(B.2k) 
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/~<yB n \ {kpk T 5a- t + ka-k^pr kpk t 5,j T k a k T 5p e ) 

0p ° Ak) = * ' (B - 21) 

G^ re (k) = G^ re (k), (B.2m) 

Gg™(*) = ^--J'^ - G^ Te (k), (B.2n) 

GX? jTe (k) = G** jTe (k), (B.2o) 

G 5c (fc) = -1, (B.2p) 

G&&,(*) = (ggg^^M , (B.2q) 

= -Gg, CT , (B.2r) 

G%, p Ak) = _ 7 2 (^|__^M , CB.2B) 
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